I. INTRODUCTION
The basic effect of the channeling process in a straight crystal is in an anomalously large distance which a charged projectile can penetrate moving along a crystallographic direction (either planar or axial) experiencing collective action of the electrostatic field of the crystal atoms [1] . The channeling can also occur in a bent crystal provided the bending radius R is large enough in comparison with the critical one R c [2] .
A particle trapped into the channel oscillates in the transverse direction while propagating along a crystallographic direction. The channeling oscillations give rise to a specific type of radiation, -the channeling radiation (ChR) [3] . Its intensity depends on the type and the energy of a projectile as well as on the type of a crystal and a crystallographic direction.
The emission of ChR by an ultra-relativistic projectile in a straight crystal is well studied (see, for example, Refs. [4] [5] [6] [7] [8] [9] [10] [11] and references therein).
The motion of a channeling particle in a bent crystal contains two components: the channeling oscillations and circular motion along the bent centerline. The latter motion gives rise to the synchrotron-type radiation (SR) [12] . Therefore, the total spectrum of radiation formed by an ultra-relativistic projectile in a bent crystal bears the features of both the ChR and SR. Various aspects of radiation formed in crystals bent with the constant radius R were discussed in Refs. [13] [14] [15] [16] [17] [18] [19] although with various degree of detail and numerical analysis. A quantitative analysis of the emission spectra based on accurate simulation of the channeling process was carried out for silicon and diamond crystals [20] [21] [22] .
The condition of stable channeling in a bent crystal, R ≫ R c , [2] implies that the bending radius exceeds greatly the (typical) curvature radius of the channeling oscillations. Therefore, the SR modifies mainly the soft-photon part of the spectrum. This part of the spectrum is especially interesting in connection with the concept of a crystalline undulator (CU) which implies propagation of ultra-relativistic projectiles along periodically bent crystallographic planes [23, 24] . By means of CU it is feasible to produce undulator-like radiation in the hundreds of keV up to the MeV photon energy range. The intensity and characteristic frequencies of the radiation can be varied by changing the type of channeling particles, the beam energy, the crystal type and the parameters of periodic bending (see recent review [25] for more details). The range of bending amplitudes, a, and period, λ u , within which the operation of CU is feasible for projectiles of the energies ε ≃ 10 (MAMI) facility [26] [27] [28] [29] [30] [31] carried out with CUs manufactured in Aarhus University (Denmark) using the molecular beam epitaxy technology to produce strained-layer Si 1−x Ge x superlattices with varying germanium content [32] . The CUs of this type are planned to be used in the coming experiments at SLAC with 10-35 GeV electron and positron FACET beam [33] . A set of experiments was performed with few GeV positrons at CERN [34] with the CU based on synthetic diamond doped with boron [35] . Other related experiments include investigations of the radiation of sub-GeV electrons in a bent silicon crystal [36] and of the effectiveness of deflection of multi-GeV electrons by a thin Si crystal [37] .
The technologies, available currently for preparing periodically bent crystals, do not immediately allow for lowering the values of bending period down to tens of microns range or even smaller keeping, simultaneously, the bending amplitude in the range of several angstroms. These ranges of a and λ u are most favourable to achieve high intensity of radiation in a CU [25] . One of the potential options to lower the bending period is related to using crystals heavier than diamond (Z = 6) and silicon (Z = 14) to propagate ultra-relativistic electrons and positrons. In heavier crystals, both the depth, ∆U ∝ Z 2/3 , of the interplanar potential and its the maximum gradient, U ′ max ∝ Z 2/3 , attain larger values, resulting in the enhancement of the critical channeling angle Θ L ∝ (∆U) 1/2 [1] and reduction of the critical radius R c ∝ 1/U ′ max [2] . From this end, the tungsten crystal (Z = 74) is a good candidate for the study. This crystal was used in channeling experiments with both heavy [38, 39] and light [40, 41] ultrarelativistic projectiles. In Ref. [38] it was noted that the straight tungsten crystals show high structure perfection. This feature is also of a great importance for successful experimental realization of the CU idea [42] . In the cited paper the comparison was carried out of the (110) planar channels in tungsten vs. silicon. In particular, the critical radius in W(110) was estimated as R c = 0.16 cm which is seven times smaller than that in Si(110). This allows one, at least in theory, to consider periodic bending with λ u 10 µm. Indeed, matching the maximum curvature of periodic bending 4π 2 a/λ 2 u to R −1 c one estimates λ u ∼ 2.5 µm for a = 1Å. Therefore, it is desirable to carry out a quantitative analysis of both the channeling process and the emission of radiation of high-energy light projectiles in straight and bent tungsten crystal. To the best of our knowledge, the simulations of these processes have been restricted to the the straight oriented crystal and were carried out within model approaches.
In Refs. [43, 44 ] the continuous potential model was applied to construct the trajectories, whereas the dechanneling phenomenon was considered within the framework of the FokkerPlank equation. The model of binary collisions was exploited in Ref. [45] to investigate the scattering angle of 0.5 GeV electrons and positrons in the process of axial channeling. No results have been presented for bent tungsten crystal.
In this paper we present the results of simulation of the channeling process and of the radiation emission for ε = 855 MeV electrons and positrons in oriented W(110) crystal.
The calculations were performed for both straight and bent crystals. In the latter case the bending radius was varied down to 0.04 cm. The projectile energy chosen corresponds to that used in the ongoing experiments with bent crystals and CUs at MAMI [29] [30] [31] carried out with the electron beam. However, from the view point of future experiments it is instructive to present a comparative analysis of the electron vs. positron channeling. Therefore, both light projectiles are considered in the paper.
As in our recent studies, three-dimensional simulations of the propagation of ultrarelativistic projectiles through the crystal were performed by using the MBN Explorer package [46, 47] . The package was originally developed as a universal computer program to allow investigation of structure and dynamics of molecular systems of different origin on spatial scales ranging from nanometers and beyond. The general and universal design of the MBN Explorer code made it possible to expand its basic functionality with introducing a module that treats classical relativistic equations of motion and generates the crystalline environment dynamically in the course of particle propagation [48] . A variety of interatomic potentials implemented in MBN Explorer support rigorous simulations of various media. The software package can be regarded as a powerful numerical tool to uncover the dynamics of relativistic projectiles in crystals, amorphous bodies, as well as in biological environments. Its efficiency and reliability has already been benchmarked for the channeling of ultra-relativistic projectiles (within the sub-GeV to tens of GeV energy range) in straight, bent and periodically bent crystals [20, 21, [48] [49] [50] [51] [52] [53] [54] . In these papers verification of the code against available experimental data and predictions of other theoretical models was carried out.
The description of the simulation procedure is sketched in Sect. II. The results of calculations are presented and discussed in Sect. III.
II. METHODOLOGY
Propagation of an ultra-relativistic projectile of the charge q and mass m through a crystalline medium can be described in terms of classical relativistic dynamics. This framework implies integration of the following two coupled equations of motion:
where U = U(r) is the electrostatic potential due to the crystal constituents, r(t), v(t), and p(t) = mγv(t) stand, respectively, for the coordinate, velocity and momentum of the particle at instant t, γ = (1 − v 2 /c 2 ) −1/2 = ε/mc 2 is the relativistic Lorentz factor, ε is the particle's energy, and c is the speed of light.
In MBN Explorer, the differential equations (1) are integrated using the forth-order Runge-Kutta scheme with variable time step. At each integration step, the potential U = U(r) is calculated as the sum of atomic potentials U at due to the atoms located inside the sphere of the cut-off radius ρ max with the center at the instant location of the projectile.
The value ρ max is chosen large enough to ensure negligible contribution to the sum from the distant atoms located at r > ρ max . The search for such atoms is facilitated by using the linked cell algorithm implemented in MBN Explorer [46] . The algorithm implies (i) a subdivision of the sample into cubic cells of a smaller size, and (ii) an assignment of each atom to a certain cell. As a result, the total number of computational operations is reduced considerably.
To simulate the motion along a particular crystallographic plane with the Miller indices (klm) the following algorithm is used [48] .
As a first step, a crystalline lattice is generated inside the rectangular simulation box of
The z-axis is oriented along the beam direction and is parallel to the (klm) plane, the y axis is perpendicular to the plane. The position vectors of the nodes
. . , N) within the simulation box are generated in accordance with the type of the Bravais cell of the crystal and using the pre-defined values of the lattice vectors.
MBN Explorer contains several build-in options which allow further modification of generated crystalline structures. The options relevant to modeling linear and bent crystals are as follows [53] .
• Rotation of the sample around a specified axis. This option allows one to simulate the crystalline structure oriented along any desired crystallographic direction. In particular, this option allows one to choose the direction of the z-axis well away from major crystallographic axes, thus avoiding the axial channeling (when not desired).
• Displacement of the nodes in the transverse direction y with respect to a specified zaxis: y → y + R(1 −cos φ) where φ = sin(z/R). As a result, one obtains the crystalline structure bent with constant radius R in the (yz) plane. For values of R much larger than the crystal thickness L (along the z direction), the displacement acquires the form:
• The nodes determine positions of the atoms in an ideal crystal. More realistic structure includes the probability of the atoms to be displaced from their equilibrium positions (the nodes) due to thermal vibrations corresponding to the given temperature T . Thus, for each atom, the Cartesian components of the displacement are selected randomly by means of the normal distribution corresponding to fixed root-mean-square amplitude u T of thermal vibrations. The values of u T for a number of crystals are summarized in [55] . For tungsten one finds u T = 0.05Å.
Let us note that by introducing unrealistically large value of u T (for example, exceeding the lattice constants) it is possible to consider large random displacements. As a result, the amorphous medium can be generated.
• Periodic harmonic displacement of the nodes can be performed by means of the transformation r → r + a sin(k · r + ϕ). Here, the vector a and its modulus, a, determine the direction and the amplitude of the displacement, the wave-vector k determines the axis along which the displacement to be propagated, and λ = 2π/k defines the wavelength of the periodic bending. The parameter ϕ allows one to change the phase-shift of the harmonic bending.
In a special case a ⊥ k, this options provides simulation of linearly polarized periodically bent crystalline structure which is an important element of a crystalline undulator.
In addition to the aforementioned options, MBN Explorer allows one to model periodically bent crystalline structures by generating periodic (harmonic) displacement of the nodes, to construct binary structures (for example, Si 1−x Ge x superlattices) by introducing random or regular substitution of atoms in the initial structure with atoms of another type. Also, the simulation box can be cut along specified faces, thus allowing tailoring the generated crystalline sample to achieve the desired form of the sample.
Trajectory of a particle entering the initially constructed crystal at the instant t = 0 is calculated by integrating equations (1). Initial transverse coordinates, (x 0 , y 0 ), and velocities, (v x,0 , v y,0 ), are generated randomly accounting for the conditions at the crystal entrance (i.e., the crystal orientation, beam emittance and energy distribution of the particles). A particular feature of MBN Explorer is in simulating the crystalline environment "on the fly", i.e. in the course of propagating the projectile. This is achieved by introducing a dynamic simulation box which shifts following the particle (see Ref. [48] for the details).
Taking into account randomness in sampling the incoming projectiles and in positions of the lattice atoms due to the thermal fluctuations, one concludes that each simulated trajectory corresponds to a unique crystalline environment. Thus, all simulated trajectories are statistically independent and can be analyzed further to quantify the channeling process as well as the emitted radiation.
The averaged spectral distribution of the energy emitted within the cone θ ≤ θ 0 with respect to the incident beam (i.e. along the z axis) is computed as follows
Here, ω stands for the frequency of radiation, Ω is the solid angle corresponding to the emission angles θ and φ. The sum is carried over the simulated trajectories of the total number N 0 , and d 2 E n /dω dΩ is the energy per unit frequency and unit solid angle emitted by the projectile moving along the nth trajectory. The resulting spectrum accounts for all mechanisms of the radiation formation: (a) channeling radiation (ChR) due to the channeling segments, (b) coherent and incoherent bremsstrahlung (BrS) due to the over-barrier motion. In addition to these, the motion along the arc in a bent crystal results in the synchrotron-type radiation.
The numerical procedures implemented in MBN Explorer to calculate the distributions [48] are based on the quasi-classical formalism due to Baier and Katkov [9] .
A remarkable feature of this method is that it combines classical description of the motion in an external field with the quantum corrections due to the radiative recoil quantified by the ratio ω/ε. In the limit ω/ε ≪ 1 one can use the classical description of the radiative process which is adequate to describe the emission spectra by electrons and positrons of the sub-GeV energy range (see, for example, [25] and references therein). The corrections lead to strong modifications of the radiation spectra of multi-GeV projectiles channeling in crystalline undulators [51, 52] and in bent crystals [21] .
III. RESULTS AND DISCUSSION
Using the algorithm outlined above, classical trajectories were simulated for ε = 855 MeV electrons and positrons incident along the (110) crystallographic plane in straight and bent tungsten crystals of the thickness L 1 = 75 µm along the incident beam direction.
In a bent crystal, the channeling condition [2] implies that the centrifugal force F cf = pv/R ≈ ε/R is smaller than the maximum interplanar force F max . It is convenient to quantify this statement by introducing the dimensionless bending parameter C:
The case C = 0 (R = ∞) characterizes the straight crystal whereas C = 1 corresponds to Tsyganov's critical (minimum) radius R c = ε/F max [2] . Within the framework of the continuous interplanar potential model [1] , one calculates F max = 42.9 GeV/cm for W (110) at room temperature by means of the formula for the continuous potential derived in Ref. [56, 57] based on the Molière approximation for the atomic potential [58] . Hence, R c ≈ 0.02 cm for a 855 MeV projectile.
In the calculations presented below the bending radius was varied from 2 down to 0.0432 cm. For each type of the projectiles and for each value of bending radius (including the case of the straight crystal), the numbers N 0 of the simulated trajectories were sufficiently large (approximately 5000), thus enabling a reliable statistical quantification of the channeling process. In Sect. III A below we define and describe the quantities obtained. The emission spectra are discussed in Sect. III B.
A. Statistical Analysis of Trajectories Fig. 1 shows simulated trajectories of 855 MeV electrons (two black curves labeled "e 1 "
and "e 2 ") and of positrons (two green curves "p 1 " and "p 2 ") propagating in straight W (110) crystal. These selected trajectories as well as other notations and features presented in the figure we use in the text below as a reference material when explaining various quantitative and qualitative characteristics of the particles motion.
To start with, we explain the geometrical parameters used in the simulations. The channeling motion is more pronounced and regular for positrons than for electrons.
Positively charged projectiles tend to move in between the atomic planes, i.e. in the region with lower volume density of the crystal constituents. As a result, they tend to stay in the channeling mode much longer than negatively charged particles, which move in the vicinity of the atomic chains being attracted by positively charged nuclei. On the other hand, although the electrons have higher rate of the dechanneling (i.e., leaving the channeling mode of motion due to the collisions), the inverse phenomenon, the re-channeling, is also more frequent for them [59] . Therefore, as it is seen in the figure, quite often the electron trajectory consists of several channeling segments separated by the intervals of the over-barrier motion.
The nearly harmonic pattern of the channeling oscillations for positrons as well as strong anharmonicity in the electron channeling oscillations are well-known phenomena (see, e.g., [5] ). These effects can be explained qualitatively within the framework of the continuous potential model by comparing the profiles of the interplanar potentials for the two types of projectiles (nearly harmonic for positrons and extremely non-harmonic for electrons).
Apart from providing the possibility of illustrative comparison, the simulated trajectories allow one to quantify the channeling process in terms of several parameters and functional dependencies which can be generated on the basis of statistical analysis of the trajectories [20, 21, 25, 48-50, 52, 54] .
A randomization of the "entrance conditions" for the projectiles, as explained in Sect. II, leads to different chain of scattering events the different projectiles at the entrance to the bulk. As a result, not all the simulated trajectories start with the channeling segments. In GeV/cm for diamond, silicon, germanium, and tungsten, respectively. To be noted is (i) the monotonous decrease of A with C, (ii) larger acceptances for positrons than for electrons for given C and crystal, and (iii) non-monotonous behaviour of A with respect to the charge number Z of the crystal atom (in the positron case). Feature (i) is readily explained using the concept of the continuous interplanar potential and its modification in the bent channel (decrease of the effective potential due to the centrifugal term which increases with C) [5, 39, 60, 61] . Feature (ii) follows from the fact that in an oriented crystal a projectile electron, being attracted to an atomic chain (plane), gains the transverse energy via the collisions with the crystal constituents and, thus, switches to the over-barrier motion much faster than a positron. Feature (iii) reflects the resulting impact of the two opposite tendencies. First, both the average value of the interplanar field and the interplanar spacing increase with Z, thus acting towards the increase of the acceptance. The opposite tendency, is the increase from Refs. [20, 49] , and Ge(110) from Ref. [53] .
of the (average) scattering angles in collisional events of the projectile with heavier atoms.
For electrons, which tend to move in the vicinity of the atomic chains, the latter tendency outpowers the former one. For positrons, the two curves presented (for Z = 6 and Z = 74)
indicate that dependence A on Z is not so strong as for electrons. We note that in Ref. [38] the acceptance of W(110) was estimated to be slightly higher than for Si(110).
Within the framework of the continuous potential approximation [1] , the criterion for distinguishing between the channeling and non-channeling motions is introduced straightforwardly by matching the value of the transverse energy, ε ⊥ , of the projectile with the depth, ∆U, of the interplanar potential well. The channeling mode corresponds to ε ⊥ < ∆U. In the simulations based on solving the equations of motion (1) with the potential built up as an exact sum of atomic potentials, another criterion is required to select the channeling segments. Following [48] , we assume the channeling to occur when a projectile, while moving in the same channel, changes the sign of the transverse velocity v y at least two times.
until an event of the dechanneling (if it happens). The initial channeling segment z ch,0 is explicitly indicated for trajectory "e 1 " in Fig. 1 . Trajectory "e 2 " corresponds to the nonaccepted particle (z ch,0 = 0). Both positron trajectories stand for the accepted particles, and in case of "p 2 " the dechanneling does not occur within the indicated length of the crystal.
To quantify the dechanneling effect for the accepted particles, one can introduce the penetration depth L p1 [48] defined as the arithmetic mean of the initial channeling segments z ch,0
calculated with respect to all accepted trajectories. For sufficiently thick crystals (L ≫ L p1 ), the penetration depth approaches the so-called dechanneling length L d which characterizes the fraction of the channeling particles at large distances z from the entrance in terms of the exponential decay,
(see, e.g., Ref. [39] ). We note here that the concept of the exponential decay has been widely exploited to estimate the de-channeling lengths for various ultra-relativistic projectiles in the straight and bent crystals [26, 37, 39, [62] [63] [64] .
Random scattering of the projectiles on the crystal atoms can result in the rechanneling,
i.e. the process of capturing the over-barrier particles into the channeling mode of motion.
In a sufficiently long crystal, the projectiles can experience dechanneling and rechanneling several times in the course of propagation. These multiple events can be quantified by introducing the penetration length L p2 and the total channeling length L ch . These quantities characterize the channeling process in the whole crystal. In explaining the meaning of the depth L p2 we refer to the electron trajectories in Fig. 1 . Trajectory "e 1 " has a non-zero initial channeling segment, z ch,0 , as well as several secondary channeling segments, marked as z ch1 , . . . , z ch6 , which appear due to the rechanneling process. So, altogether this trajectory contains seven channeling segments. Trajectory "e 2 " exhibit only secondary channeling segments (not marked explicitly) of the total number ten. The penetration length L p2 is calculated as the arithmetic mean of all channeling segments (initial and secondary) with respect to the total number of channeling segments in all simulated trajectories. Finally, the total channeling length L ch per particle is calculated by averaging the sums z ch0 + z ch1 + z ch2 + . . . , calculated for each trajectory, over all trajectories.
To conclude the description of the lengths introduced above, we note that L p1 characterizes the distance covered by accepted particles moving in the channeling mode. Generally speaking, it depends on the beam emittance at the crystal entrance. The second penetration depth, L p2 , accounts for the rechanneling events, which occur, on average, for the incident L ch length (all in µm) for 855 MeV electrons and positrons in straight (R = ∞) and bent (R < ∞, The results on the acceptance and the characteristic lengths are presented in Table I . All the data refer to zero emittance beams entering a L = 75 µm W(110) crystal. The straight crystal corresponds to infinitely large bending radius, R = ∞. Statistical uncertainties due to the finite numbers N 0 of the simulated trajectories correspond to the 99.9% confidence interval.
We start discussion of the data presented in Table I with the penetration lengths of electrons.
The length L = 75 µm of the crystal exceeds greatly the quoted values of L p1 and L p2 .
Therefore, these quantities can be associated with the dechanneling lengths of the ideally collimated electron beam (the penetration depth L p1 ) and of the beam with emittance of approximately Θ L (the depth L p2 ). For a collimated electron beam, to estimate the dechanneling length in straight W(110) channel one can use its relationship [9] to the radiation length L r in the corresponding amorphous medium. This relationship can be written in the following form, which is convenient for a quick estimate of L d (see Eq. (6.4) in Ref. [25] ): It is instructive to compare the values of L p1,2 with the total channeling length L ch of an electron. In the straight channel, L ch exceeds L p1,2 approximately by a factor of four.
Thus, on average, an electron trajectory contains four channeling segments when propagating through a 75 µm thick W(110) oriented crystal. For an accepted particle, one of these is the initial channeling segment whereas other three are due to the rechanneling. For a nonaccepted particle, all four segments appear as a result of the rechanneling events. These that as C increases, the decrease rate of L ch is much larger than that of L p1,2 . This is a clear indication that in a bent crystal the rechanneling events are much rarer than in a straight one. Starting with some bending parameter C the rechanneling events virtually cease to occur. To estimate C one can compare the value of N acc L p1 /N 0 = AL p1 , i.e. the initial channeling segments averaged over all trajectories, including the non-accepted ones, with L ch . For C ≥ C one obtains AL p1 ≈ L ch . The electron data presented in Table I suggests that this approximate equality becomes valid starting with C ≈ 0.1. Hence, in W(110) channel bent with radius R ≈ R c /10 or smaller the rechanneling event virtually do not happen (the corresponding rechanneling lengths become infinitely large).
To further quantify the impact of the rechanneling effect basing on the information which can be extracted from the simulated trajectories, one can compute the channeling fractions [48, 49] . Here N ch0 (z) stands for the number of electrons (of the total number N 0 ) which propagate in the same channel where they were accepted up to the distance z where they dechannel. The quantity N ch (z) is the number of particles which are in the channeling mode irrespective of the channel which guides their motion at the distance z. With increasing z the fraction ξ ch0 (z) decreases as the accepted electrons leave the entrance channel. In the contrast, the fraction ξ ch (z) can increase with z when the electrons, including those not accepted at the entrance, can be captured in the channeling mode in the course of the rechanneling. These dependencies for a 855 MeV electron channeling in straight and bent W(110) channels are presented in Fig. 3 left. A striking difference in the behaviour of the two fractions as functions of the penetration distance z is mostly pronounced for the straight channel. Away from the entrance point, the fraction ξ ch0 (z) (solid curve) follows approximately the exponential decay law, ξ ch0 (z) ∝ exp (−z/L p1 ) (not shown in the figure) . At large distances, the fraction ξ ch (z) (dashed curve)
, which accounts for the rechanneling process, decreases much slower following the power law, ξ ch (z) ∝ z −1/2 [59] . This dependence is shown in the figure with thick (red) dashed line.
As the bending curvature increases, C ∝ 1/R, the rechanneling events become rarer, and the difference between two fractions decreases. For C 0.1 both curves virtually coincide.
Let us turn to the data on positron channeling presented in Table I and Fig. 3 right. In contrast to the electron case, the crystal length L = 75 µm is much smaller than the positron dechanneling length in straight W(110) channel, L d ≈ 445 µm, which can be obtained by means of the formula [25, 39, 65] :
Here r 0 = 2.8 × 10 −13 cm is the electron classical radius, γ = ε/mc 2 is the Lorentz rel- To estimate the positron dechanneling length in a bent crystal, one can multiply Eq. (6) by the factor (1 − C) 2 which exactly accounts for the relative change of the depth of the potential well in a bent channel within the framework of the harmonic approximation for the continuous interplanar potential [39] .
For all values of C indicated in Table I , the estimated dechanneling length exceeds the crystal length L. Hence, the values of L p1 presented in the table can be considered only as a lower bound of the positron dechanneling length. For small bending parameters, C 0.1, the penetration length is just below L, thus signaling that most of the accepted projectiles traverse the whole crystal moving in the channeling mode (trajectory "p2" in Fig. 1 is an exemplary one). Finally, for all C, the total channeling length L ch is very close to the AL p1 .
Therefore, in contrast to the electron channeling, the rechanneling effect does not play any significant role even in the case of the straight crystal. This statement is illustrated further by Fig. 3right where the fractions ξ ch0 (z) (solid curves) and ξ ch (z) (symbols) are practically indistinguishable for C > 0 and are very close for C = 0.
B. Radiation Spectra
The simulated trajectories were also used to compute spectral distribution dE/ dω of the emitted radiation, Eq. (3). For each trajectory, the distribution d 2 E n /dω dΩ was calculated accounting only for the initial part of the trajectory with z ≤ 10 µm. Hence, the spectra discussed below refer to the L = 10 µm thick crystals. The integration over the emission angle θ was performed for two values of the radiation apertures: θ 0 = 0.24 mrad and θ 0 = 8 mrad. The first value is close to that used in the experiments with the 855 MeV electron beam at MAMI [26, 27, 29, 36] , and is much smaller than the natural emission angle for the beam energy, γ −1 ≈ 0.6 mrad. Therefore, the corresponding spectra refer to a nearly forward emission. In contrast, the second aperture exceeds the γ −1 by order of magnitude, thus providing the emission cone θ ≤ θ 0 to collect almost all the radiation from the relativistic projectiles. The latter situation corresponds to the conditions at the experimental setup at SLAC [37] .
The plots in Fig. 4 present the spectra emitted by electrons (left plots) and positrons (right plots) within the apertures θ 0 = 0.24 and 8 mrad (top and bottom plots, respectively).
In each plot, the thick solid (red) curve shows the spectrum in a straight W(110) channel (the bending parameter C = 0), while other solid curves correspond to the bent channels (C > 0, the corresponding values of the bending radius one finds in Table I ). The dashed curves represent the spectra calculated from the simulated trajectories in amorphous tungsten.
There are several features to be mentioned when comparing the emission spectra calculated for two different apertures for each type of the projectile as well as when comparing the electron and positron spectra.
To start with, we discuss the emission spectra from electrons. In the case of a straight channel, the powerful maximum at ω max ≈ 10 MeV seen for both apertures (although more pronounced for θ 0 = 0.24 mrad) is mainly due to the ChR. In the maximum, the intensity emitted in the oriented W(110) crystal exceeds noticeably the intensity dE am of the incoherent BrS emitted in amorphous tungsten (the dashed curves). For bent crystals, the maximum of the intensity decreases with the increase of the bending parameter C.
Comparing the curves in the left-top and left-bottom panels of Fig. 4 one notices that, as C increases, the ratio η = dE C>0 / dE C=0 of the maximum intensities in the bent and straight channels decreases faster for the smaller aperture. For example, for C = 0.023 the ratio equals to 0.7 for θ 0 = 0.24 mrad but η = 0.9 for θ 0 = 8 mrad. This feature can be explain as follows. In the vicinity of the maximum, the main contribution to the ChR intensity emitted within the cone θ ≤ θ 0 comes from those channeling segments for which the angle of inclination to the cone axis does not exceed θ 0 . In a comparatively thin crystal, when L < L rech [67] , the rechanneling events are rare, so that the total channeling segment is determined by the initial penetration depth L p1 . In a straight crystal, the whole initial channeling segment is aligned with the emission cone so that the intensity is proportional to L p1 . In a bent channel, the depth L p1 should be compared to the scale Rθ 0 . The whole initial channeling segment can be considered to be aligned with the cone axis if L p1 < Rθ 0 .
In the opposite case, L p1 > Rθ 0 , the emission within the cone θ ≤ θ 0 occurs effectively only from the part of the segment [20, 22] . As a result, the maximum values of the intensities in the straight and bent crystals can be estimated as follows:
Here the coefficient a depends on the aperture, A(C) and L p1 (C) stand for the acceptance and penetration depth corresponding for a given bending parameter, see Table I .
For the larger aperture, min {L p1 (C), Rθ 0 } = L p1 (C) for all C indicated. Therefore, the ratio of the intensities is estimated as 
To conclude the discussion of the electron spectra, let us comment on their behaviour in the photon energy range well away from the maximum. It is seen that in most cases, the spectral distribution of radiation formed in the crystalline medium approaches from above that in amorphous tungsten. The excess over dE am is due to the emission of the coherent BrS by over-barrier particles which move along quasi-periodic trajectories, traversing the crystallographic planes under the angle greater than Lindhard's critical angle (see Refs. [9] [10] [11] [68] [69] [70] [71] for the reviews on the coherent BrS). The only exception from this scenario are the spectral dependencies calculated for the smaller aperture in the straight (C = 0) and nearly straight (C = 0.01) crystals. In these cases, the amorphous background radiation is more intensive in the photon energy range ω 50 MeV. The explanation is as follows. In a straight crystal, the coherent BrS is emitted by over-barrier projectiles which move under the angles Θ > Θ L = 0.56 mrad with respect to the z-axis. These projectiles mostly radiate within the cone γ −1 along the instant velocity so that only part of this radiation is emitted in the narrow cone Rθ 0 = 0.24 mrad in the forward (with respect to the incident beam)
direction. In a bent crystal, a particle can become an over-barrier one, still moving along the initial z direction, penetrating into the crystal at the distance RΘ L . Hence, for larger values of the bending parameter the intensity of the coherent BrS emitted in the forward direction increases.
It is a well-established fact that channeling oscillations of electrons have a strong anharmonic character which is a direct consequence of a strong deviation of the electron interplanar potential from a harmonic shape (see, e.g., [5] ). The period of oscillations varies with the amplitude, as it is illustrated by two simulated electron trajectories presented in Fig. 1 . As a result, the spectral distribution of ChR exhibit a rather broad maximum.
In contrast, the channeling trajectories of positrons demonstrate nearly harmonic oscillations between the neighboring planes. This is also in accordance with a well-known result established within the framework of the continuum model of channeling [55] . Indeed, for a positively charged projectile the interplanar potential can be approximated by parabola in most part of the channel thus leading to close resemblance between the channeling motion of positrons and the undulator motion. As a result, for each value of the emission angle θ the spectral distribution of ChR in a straight crystal reveals a set of narrow and equally spaced peaks (harmonics). The harmonic frequencies, ω n , of ChR of positrons can be estimated
Here, Ω ch and K ch are the frequency and the undulator parameter of the channeling oscillations. The maximum value of the latter can be estimated as 2πγ(d/2)/λ ch with d/2 and λ ch being, respectively, the maximum possible amplitude and the period of the oscillations.
Within the framework of harmonic approximation for the interplanar potential, one derives It is known from the theory of undulator radiation (see, e.g., [72] ) that for K ∼ 1 the emission spectrum contains few harmonics the intensities of which rapidly decrease with the harmonic number n. This feature is explicitly seen in the spectral distributions calculated from the simulated trajectories of positrons propagating in straight W(110), see the thick solid curves in the right plots in Fig. 4 . The well-defined peaks (more pronounced for the smaller aperture) correspond to the harmonics of the ChR. For both apertures, the most powerful first peak is located at ≈ 4 MeV. This value corresponds to the energy of the first (or, fundamental) harmonic emitted in the forward direction which one obtains from Eq. (8) by setting n = 1, θ = 0 and using the aforementioned estimates for Ω ch and K ch .
The intensities of the emission into higher harmonics (the peaks with n up to 5 are seen located at ω n ≈ 4n MeV) rapidly decrease with n. This harmonic-like structure of the spectral distribution of ChR of positrons is clearly distinguishable from smooth curve which characterizes the electron spectrum of ChR.
The data presented in Table I for the straight channel allows one to compare the maximum intensities of ChR of positrons and electrons in the straight L = 10 µm thick crystal. For electrons, the peak intensity can be estimated directly from the first equation in (7). For positrons, the penetration depth L p1 (0) exceeds greatly the crystal thickness, therefore, to estimate the peak intensity one substitutes L p1 (0) with L. As a result, one obtains the following estimate for the ratio of the intensities:
) el ≈ 5 which correlates with the value which can be calculated by comparing the peak intensities in the top plots in Fig. 4 .
As the bending curvature increases, the spectral distributions of radiation emitted by positrons become modified following two different scenarios.
The first one manifests itself as the decrease in the peak intensities with the increase of C. This feature is much more pronounced for the smaller aperture, see top-right plot in Fig.   4 . For example, the intensity of the first harmonic peak for C = 0.026 is six times less than that in the straight crystal. This decrease rate is much larger than in the case of electron channeling where the corresponding drop is on the level of 30 per cent. Similar effect is seen for the higher harmonics as well as for larger values of C.
The explanation is as follows. The data on the penetration depth L p1 for positrons, presented in Table I , indicate that L p1 > L = 10 µm for all considered values of C. Hence, on average, all accepted particles propagate through the crystal moving in the channeling mode. As mentioned, in a straight crystal, the peak intensity can be estimated from the first equation in (7) The second scenario of the spectral intensity modification with the increase of the bending parameter C is due to the contribution of the synchrotron radiation (SR) to the emission spectrum. This feature is most pronounced for the larger aperture, see bottom-right plot in Fig. 4 .
Positrons, which channel along the planes in a bent crystal experience two types of motion:
the channeling oscillations and the translation along the centerline of the bent channel. The latter motion gives rise to the synchrotron-type radiation, i.e. the one, which is emitted by a charge moving along a circle (or, its part) (see, e.g., [12] ). Therefore, the total spectrum contains the features of both ChR and SR. It was shown in Ref. [14] , that in the case of planar channeling the crystal bending noticeably affects the spectrum only if the condition
is the critical angle in the bent channel). In this case, the total spectrum preserves the features of ChR if L c ≫ λ (here, L c = R/γ is the formation (coherence) length of the radiation emitted from an arc of the circle of the radius R, and λ is the radiation wavelength), but becomes of the quasi-synchrotron type in the opposite limit [14, 15] . The peculiarities which appear in spectral and spectra-angular distributions of the emitted radiation due to the interference of the two mechanisms of radiation were analyzed in Refs. [16] [17] [18] [19] by analytical and numerical means. In Ref. [20] the results of numerical simulations of the emission spectra by 855 MeV electrons were reported for straight and uniformly bent Si(110) crystal. The influence of the detector aperture on the form of the spectral distribution of the emitted radiation in bent S(110) was explored in [50] . The results of simulation of planar channeling as well as the calculated spectral distribution of the emitted radiation were reported in [21] for 3. . . 20 GeV electrons and positrons in bent Si(111).
The curves in bottom-right plot in Fig. 4 show that for C > 0 the SR manifests itself as an additional structure in the low-energy part of the spectrum ( ω 1 MeV). The intensity of the SR peak increases with the bending parameter up to C ∼ L/θ 0 , and then it decreases due to the reason discussed above: the larger curvature is, the smaller is the part of the trajectory which contributes to the radiation cone θ 0 . To clearer visualize the relationship of the additional structure and the SR, we present Table   I ). These dependencies were scaled to match the simulated distributions in the maxima of the SR.
IV. CONCLUSIONS
By means of the channeling module [48] The simulated trajectories were used as the input data for numerical analysis of the intensity of the emitted radiation in 10 µm thick crystals. In the case of straight crystals the channeling radiation appears atop the incoherent bremsstrahlung background. In a bent channel, the spectrum is enriched by the synchrotron radiation due to the circular motion of the projectile along the bent centerline. In all cases, the spectral distribution of radiation was calculated for two extreme values of the detector aperture θ 0 as compared to the natural angle γ −1 of the emission cone by an ultra-relativistic projectile. The smaller aperture, θ 0 = 0.24 mrad, being much less than γ −1 (equal to 0.60 mrad for a 855 electron and/or positron), characterizes the radiation spectrum emitted in the (nearly) forward direction.
This aperture is routinely used in the channeling experiments with electrons at the Mainz Microtron facility [26, 36] . The larger aperture, θ 0 = 8 mrad, accounts for nearly all emitted radiation in the case of straight and moderately bent crystals.
The obtained and presented results are of interest in connection with the ongoing experiments with crystalline undulators at MAMI [27, 29, 30] carried out with electron beams as well as with possible experiments by means of the positron beam [73] . In these experiments the silicon-based crystalline undulators were exposed (or discussed to be exposed) to the beam. However, of current interest is the search for other crystalline structures capable to effectively steer ultra-relativistic light projectiles along periodically bent crystallographic planes [25] . Therefore, the results presented in the current paper can serve as benchmark data for further theoretical and experimental efforts in studying channeling and radiation formed in tungsten-based crystalline undulators. 
